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Introduction
• There are many turbulent plumes at various scale.

- Eruption of a volcano
- Smoke from a chimney
- Seafloor vents
- etc.
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Eruption of Miyakejima 2000

Smoke from a chimney (Tomakomai city)

Seafloor vents



movie of sea floor vents
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http://oceanexplorer.noaa.gov/explorations/04fire/logs/april10/media/eifuku_champagne_video.html
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http://oceanexplorer.noaa.gov/explorations/04fire/logs/april10/media/eifuku_champagne_video.html
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Summary of studies on the 
turbulent plumes and thermals
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Line plumes in a rotating stratified fluid 291

Ambient Point source Line source

Homogeneous Morton, Taylor & Turner (1956) (P) Rouse, Yih & Humphreys (1952) (P)

Scorer (1957) (T) Richards (1963) (T)

Johari (1992) (T)

Stratified Morton, Taylor & Turner (1956) (P) Wright & Wallace (1979) (P)

Noh, Fernando & Ching (1992) (P)

Ching, Fernando & Noh (1993) (P)

Rotating Elrick (1979) (T) Fernando & Ching (1993) (P)

homogeneous Helfrich (1994) (T) Lavelle & Smith (1996) (P)

Ayotte & Fernando (1994) (T) Present study

Fernando, Chen & Ayotte (1998) (P)

Rotating Speer & Marshall (1995) (P)

stratified Helfrich & Battisti (1991) (P) Present study

Helfrich (1994) (T)

Table 1. Summary of studies on the dynamics of turbulent plumes (P) and thermals (T) in the

presence of ambient stratification and/or rotation.

in a stratified ambient they are lenticular with characteristic aspect ratio prescribed

by N/f. The number of such structures generated by a turbulent plume is prescribed

by their size relative to the plume source. Maxworthy & Narimousa (1994) examined

the discharge of negatively buoyant fluid from an areal source in a homogeneous

rotating fluid, and demonstrated that a series of quasi-two-dimensional anticyclonic

vortices (of characteristic radius 7.5B
1/2
0

/f3/2
, where B0 is the surface buoyancy flux

per unit area) emerge from beneath the source (see also Whitehead, Marshall &

Hufford 1996, and Boubnov & van Heijst 1994). Fernando, Chen & Boyer (1991) and

Julien et al. (1996) have considered the influence of rotation on turbulent thermal

convection, and also identified the presence of columnar structures of comparable

scale. A discussion of the physical processes accompanying convectively-driven mixing

in rotating stratified fluids is given by Maxworthy (1997).

The line plume problem has received considerable recent attention owing to its

relevance in modelling thermohaline convection associated with cracks in the polar

ice caps, or ‘leads’. Motivated by the problem of lead-induced plumes impinging on

the pycnocline at the base of the oceanic mixed layer, Noh, Fernando & Ching

(1992) and Ching, Fernando & Noh (1993) undertook experimental studies of line

plumes impinging on a density interface, and characterized the rate of ascent as

well as the intrusion depth of the plume. Fernando & Ching (1993) carried out an

experimental study of line plumes in a homogeneous rotating fluid, and Lavelle &

Smith (1996) undertook an analogous numerical study. In both studies, the influence

of ambient stratification was neglected, and only a limited range of parameter space

was examined, so that the striking coherent flow structures reported here were not

identified. While the individual effects of stratification and rotation on the dynamics

of line plumes have been investigated, the study presented here represents the first

investigation of their combined effects. By analogy with the point plume problem,

we anticipate that the line plume in a rotating stratified fluid will rise to its level of

neutral buoyancy before intruding as a gravity current which eventually goes unstable

under the influence of the system rotation. However, we will observe an important

distinction between the point and line plume problems: when the source time is less

than the instability time of the neutral cloud for the case of a continuous release, a

Bush and Woods (1999)



Motivation
• The problem of two coalescing axisymmetric 

turbulent plumes was studied by Kaye and Linden 
(2004).
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58 N. B. Kaye and P. F. Linden

Figure 13. Buoyancy profiles for two equal plumes showing their Gaussian profiles prior to
merging, and the gradual coalescence. The profiles were measured using the dye attenuation
technique.

Figure 14. Plume merging height for equal plumes plotted against initial separation.

Figure 15. Plume merging height plotted as a function of the buoyancy flux ratio. The lines
plotted are the theoretical predictions for λub(α =0.09), λm(α = 0.09) and λm(α = 0.1) (top to
bottom).

Buoyancy profiles for two equal plumes 
showing their Gaussian profiles prior to 
merging, and the gradual coalescence. 
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Figure 13. Buoyancy profiles for two equal plumes showing their Gaussian profiles prior to
merging, and the gradual coalescence. The profiles were measured using the dye attenuation
technique.

Figure 14. Plume merging height for equal plumes plotted against initial separation.

Figure 15. Plume merging height plotted as a function of the buoyancy flux ratio. The lines
plotted are the theoretical predictions for λub(α =0.09), λm(α = 0.09) and λm(α = 0.1) (top to
bottom).
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Motivation (2)
• Kaye and Linden (2004) investigated two plumes in a 

non-rotating, homogeneous fluid.
• Helfrich and Battisti (1991) investigated the behavior 

of axisymmetric turbulent plumes in a rotating, 
stratified fluid.
• Fernando, Chen, and Ayotte (1998) investigated the 

evolution of a single turbulent plume in a rotating 
homogeneous fluid.

• What happens for multiple plumes in a rotating, 
homogenous fluid?
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http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Fernando%2C+H.+J.+S.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Fernando%2C+H.+J.+S.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Chen%2C+R-r.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Chen%2C+R-r.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Ayotte%2C+B.+A.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Ayotte%2C+B.+A.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true


Experiments

✓Filling Tank experiment (Baines and Turner, 1969)
- to determine virtual origin height and 

entrainment constant

✓Two plumes experiments without rotation (Kaye 
and Linden, 2004)
- to verify the results of Kaye and Linden

✓Two plumes experiments with rotation
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(All experiments were done with homogenous ambient fluid )



Axisymmetric Turbulent Plume
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Entrained flow
ue = −αw

α : entrainment constant

: virtual origin heightzvz

Cooper nozzle
virtual origin

54 N. B. Kaye and P. F. Linden

Figure 10. Schematic diagram of the Cooper plume nozzle used to produce a turbulent
plume source.

4. Experiments
Sections 2 and 3 describe theoretical predictions for the merging height of co-

flowing turbulent plumes, and the behaviour of the resulting plume in the far field.
Experiments have been performed to test the validity of these models. The experiments
were carried out using salt plumes in water. The density of the salt solution and the
flow rate determined the buoyancy flux. These were chosen such that the plumes were
close to ideal, i.e. with small initial volume and momentum fluxes. Corrections for the
non-ideal nature of the sources were made by calculating the virtual origin zv using
the method described in Hunt & Kaye (2001). These corrections were typically of the
order of 1 cm, which is considerably less that the typical coalescence heights measured
of 10–30 cm. For the case of unequal plumes, the average of the two virtual origin
corrections was used. The difference between the origin corrections for each separate
plume was typically less than 0.5 cm, or 10% of the plume separation, making the
use of the average correction a reasonable approximation.

Typical flow rates used in the experiments were between 0.5 and 2.5 cm3 s−1. The
source buoyancy was varied between 30 and 150 cm s−2. The equal plume experiments
were run using the dye attenuation technique in a glass tank approximately 60 cm
square with a depth of 180 cm. The unequal plume experiments were run using a
light-induced fluorescence (LIF) technique in a 64 cm square Perspex tank that was
filled to a depth of 15–35 cm. In order to maintain a turbulent plume from the source,
a special nozzle was constructed.† Figure 10 shows a schematic of the nozzle used.
The nozzle allowed the creation of a turbulent outlet that would normally be laminar
at the flow rates used. Figure 7 of Hunt & Linden (2001) shows the outflow from this
nozzle compared to a standard cylindrical tube. The use of the Cooper nozzle meant
that the plumes rapidly developed into their self-similar form. This can be more

† The initial nozzle was designed by Dr Paul Cooper, Department of Mechanical Engineering,
University of Wollongong, NSW, Australia.

Cooper nozzle

r
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filled to a depth of 15–35 cm. In order to maintain a turbulent plume from the source,
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The nozzle allowed the creation of a turbulent outlet that would normally be laminar
at the flow rates used. Figure 7 of Hunt & Linden (2001) shows the outflow from this
nozzle compared to a standard cylindrical tube. The use of the Cooper nozzle meant
that the plumes rapidly developed into their self-similar form. This can be more
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General properties of
an axisymmetric turbulent plume
• It is assumed that the profiles of vertical velocity w 

and buoyancy g’ of the plume are of Gaussian form
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: virtual origin heightzv

virtual origin
Cooper nozzle

plume

Figure 10: Schematic illustration of virtual origin.

The filling tank experiment is a good method to determine both the virtual origin height

and the entrainment constant.

A.1 Theory of the filling tank experiment

In this section, the theory of filling tank experiment (Baines and Turner, 1969) is explained.

First, some general properties of an axisymmetric turbulent plume are derived. Then the

method of determining both the virtual origin height and the entrainment constant is ex-

plained.

A.1.1 General properties of an axisymmetric turbulent plume

It is assumed that the profiles of vertical velocity w and buoyancy g� of the plume are of

Gaussian form,

w(z, r) = W (z) exp

�
− r2

b(z)2

�
, (6)

g�(z, r) = g

�
ρA − ρP (z, r)

ρR

�
= G�

(z) exp

�
− r2

b(z)2

�
. (7)

Here z is vertical coordinate, r the radial distance from the axis of the plume, g the gravity,

W (z) = w(z, 0), and G�
(z) = g�(z, 0). Then ρA and ρP are densities of the ambient fluid

and the plume, respectively, ρR is some standard reference density for the system. Note

that b is the radius where buoyancy and vertical velocity are reduced by a factor 1/e from

those on the plume’s axis.

Volume flux Q of the axisymmetric turbulent Gaussian plume is

Q =

� 2π

0

� ∞

0
wrdrdθ = πb2W, (8)

where θ is angular coordinate.

The momentum flux M is

M =

� 2π

0

� ∞

0
w2rdrdθ =

π

2
b2W 2. (9)

W (z) = z(z, 0), G�(z) = g�(z, 0)

Here

b(z) is the radius where they reduced by a factor 1/e 
from those on the plume axis.



Volume flux Q
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Volume flux Q
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Q =
� 2π

0

� ∞

0
wrdrdθ = πb2W

M =
� 2π

0

� ∞

0
w2rdrdθ =

π

2
b2W 2

Momentum flux M



Volume flux Q
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Q =
� 2π

0

� ∞

0
wrdrdθ = πb2W

M =
� 2π

0

� ∞

0
w2rdrdθ =

π

2
b2W 2

Momentum flux M

Buoyancy flux F

F =
� 2π

0

� ∞

0
g�wrdrdθ =

G�

2
Q



• Volume flux Q increase with z, because of 
entrainment
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1 Introduction

2 Axisymmetric turbulent Gaussian plume

Volume flux of the axisymmetric turbulent Gaussian plume Q is

Q =
�

A
wdA = πb2w, (1)

where A is the cross section of the plume, w the vertical velocity, w the mean vertical
velocity, b the radius of the plume.

The momentum flux M is

M =
�

A

w2

2
dA =

π

2
b2w2. (2)

Then b can be written as
b =

1√
2
π− 1

2
Q

M
1
2

. (3)

The buoyancy flux F is

F =
�

A

g

2
(ρA − ρP )

(ρA + ρP )/2
wdA =

g�

2
Q, (4)

where g is the gravity, g� = g (ρA−ρP )
(ρA+ρP )/2 the reduced gravity, ρA and ρP are the density of

ambient fluid and the plume, respectivily.
There is an entrainment from the ambient fluid to the plume, and its velocity ue is now

assumed as
ue = −αw, (5)

where α is called entrainment constant.
The volume flux Q increases with z, because of the entrainment, so

∂Q

∂z
= −2πbue, (6)

= 2παbw, (7)

= 2
√

2π
1
2 αM

1
2 . (8)

1

ue = −αw
entrained flow

entrainment constantb
ue
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• Momentum flux M increase with z, because of 
reduced gravity

Because the plume is accelerated by buoyancy, the momentum flux changes with z as

∂M

∂z
= πb2g�, (9)

=
(πg�b2w)/2 · πb2w

(πb2w2)/2
, (10)

=
FQ

M
. (11)

We can set F = F0 (constant) because the entrainment not only decrease the buoyancy
g� but also increase the flow flux Q. Therefore, the equations of change of Q and M are
written as

∂Q

∂z
= 2

√
2π

1
2 αM

1
2 , (12)

∂M

∂z
=

F0Q

M
. (13)

Now, we assume Q and M as

Q = Q0(z + zV )q, (14)
M = M0(z + zV )m, (15)

where zV is the height of “vertial origin”, and Q0, M0 are constants. This assumption
means that the radius of the plume b increase linearly from 0 at its vertial orign z = −zV .
Then (12) and (13) become

Q0q(z + zV )q−1 = 2
√

2π
1
2 αM

1
2
0 (z + zV )

m
2 , (16)

M0m(z + zV )m−1 =
F0Q0

M0
(z + zV )q−m. (17)

From above equations, we obtain

q =
5
3
, (18)

m =
4
3
. (19)

Substituting (18) and 19) into (16) and (17) with some algebra, we obtain

M0 =

�
9
√

2π
1
2 αF0

10

� 2
3

, (20)

Q0 =
6π

1
2 α

5

�
18π

1
2 αF0

5

� 1
3

. (21)

2

πb2g�

b

b
ue
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3
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2

(note: z=0 is the height of nozzle and z=-zV is virtual origin)
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3 Analyzing the single plume experiment
(Bains and Turner, 1969)

We consider a tank of cross section AC filled with fresh water, and a axisymetric plume
(salt water solution colored by a dye) from the top of the tank (z = 0). We set time t = 0
when zF (t) = zF0, where zF is the height of the colored salt water’s front which comes up
from the bottom. It is convenient to choose zF0 at the height where we can measure zF

accurately.
Considering the balance of the volume of the colored salt water at z = zF , time derivative

of (zF (t) + zV ) can be written as

∂

∂t
(zF (t) + zV ) = −Q(zF )

AC
,

= −Q0

AC
(zF + zV )

5
3 . (22)

Integrating (22), we obtain
� zF

zF0

(zF + zV )−
5
3 d(zF + zV ) = − Q

AC

� t

0
dt (23)

−3
2

�
(zF + zV )−

2
3 − (zF0 + zV )−

2
3

�
= −Q0

AC
t, (24)

(zF + zV )−
2
3 =

2
3

Q0

AC
t + (zF0 + zV )−

2
3 . (25)

4 Coalescing axisymmetric turblent equal plumes
(Kaye and Linden, 2004)

We define dimensionless variables as followings,

λ =
z

ξ0
, φ =

ξ

ξ0
, γ =

b

ξ
, (26)

3

Figure 1: Schematic illustration single plume experiment.

3 Analyzing the single plume experiment
(Bains and Turner, 1969)

We consider a tank of cross section AC filled with fresh water, and a axisymetric plume
(salt water solution colored by a dye) from the top of the tank (z = 0). We set time t = 0
when zF (t) = zF0, where zF is the height of the colored salt water’s front which comes up
from the bottom. It is convenient to choose zF0 at the height where we can measure zF

accurately.
Considering the balance of the volume of the colored salt water at z = zF , time derivative

of (zF (t) + zV ) can be written as

∂

∂t
(zF (t) + zV ) = −Q(zF )

AC
,

= −Q0

AC
(zF + zV )

5
3 . (22)

Integrating (22), we obtain
� zF

zF0

(zF + zV )−
5
3 d(zF + zV ) = − Q

AC

� t

0
dt (23)

−3
2

�
(zF + zV )−

2
3 − (zF0 + zV )−

2
3

�
= −Q0

AC
t, (24)

(zF + zV )−
2
3 =

2
3

Q0

AC
t + (zF0 + zV )−

2
3 . (25)

4 Coalescing axisymmetric turblent equal plumes
(Kaye and Linden, 2004)

We define dimensionless variables as followings,

λ =
z

ξ0
, φ =

ξ

ξ0
, γ =

b

ξ
, (26)

3

 zF: height of the front of
      colored sea water
AC: cross section of the tank

sea water
fresh water

front
Q(zF)

AC
∂

∂t
(zF + zV )



Filling tank experiment

14

Figure 1: Schematic illustration single plume experiment.

3 Analyzing the single plume experiment
(Bains and Turner, 1969)

We consider a tank of cross section AC filled with fresh water, and a axisymetric plume
(salt water solution colored by a dye) from the top of the tank (z = 0). We set time t = 0
when zF (t) = zF0, where zF is the height of the colored salt water’s front which comes up
from the bottom. It is convenient to choose zF0 at the height where we can measure zF

accurately.
Considering the balance of the volume of the colored salt water at z = zF , time derivative

of (zF (t) + zV ) can be written as

∂

∂t
(zF (t) + zV ) = −Q(zF )

AC
,

= −Q0

AC
(zF + zV )

5
3 . (22)

Integrating (22), we obtain
� zF

zF0

(zF + zV )−
5
3 d(zF + zV ) = − Q

AC

� t

0
dt (23)

−3
2

�
(zF + zV )−

2
3 − (zF0 + zV )−

2
3

�
= −Q0

AC
t, (24)

(zF + zV )−
2
3 =

2
3

Q0

AC
t + (zF0 + zV )−

2
3 . (25)

4 Coalescing axisymmetric turblent equal plumes
(Kaye and Linden, 2004)

We define dimensionless variables as followings,

λ =
z

ξ0
, φ =

ξ

ξ0
, γ =

b

ξ
, (26)

3

Figure 1: Schematic illustration single plume experiment.

3 Analyzing the single plume experiment
(Bains and Turner, 1969)

We consider a tank of cross section AC filled with fresh water, and a axisymetric plume
(salt water solution colored by a dye) from the top of the tank (z = 0). We set time t = 0
when zF (t) = zF0, where zF is the height of the colored salt water’s front which comes up
from the bottom. It is convenient to choose zF0 at the height where we can measure zF

accurately.
Considering the balance of the volume of the colored salt water at z = zF , time derivative

of (zF (t) + zV ) can be written as

∂

∂t
(zF (t) + zV ) = −Q(zF )

AC
,

= −Q0

AC
(zF + zV )

5
3 . (22)

Integrating (22), we obtain
� zF

zF0

(zF + zV )−
5
3 d(zF + zV ) = − Q

AC

� t

0
dt (23)

−3
2

�
(zF + zV )−

2
3 − (zF0 + zV )−

2
3

�
= −Q0

AC
t, (24)

(zF + zV )−
2
3 =

2
3

Q0

AC
t + (zF0 + zV )−

2
3 . (25)

4 Coalescing axisymmetric turblent equal plumes
(Kaye and Linden, 2004)

We define dimensionless variables as followings,

λ =
z

ξ0
, φ =

ξ

ξ0
, γ =

b

ξ
, (26)

3

 zF: height of the front of
      colored sea water
AC: cross section of the tank

Figure 1: Schematic illustration single plume experiment.

3 Analyzing the single plume experiment
(Bains and Turner, 1969)

We consider a tank of cross section AC filled with fresh water, and a axisymetric plume
(salt water solution colored by a dye) from the top of the tank (z = 0). We set time t = 0
when zF (t) = zF0, where zF is the height of the colored salt water’s front which comes up
from the bottom. It is convenient to choose zF0 at the height where we can measure zF

accurately.
Considering the balance of the volume of the colored salt water at z = zF , time derivative

of (zF (t) + zV ) can be written as

∂

∂t
(zF (t) + zV ) = −Q(zF )

AC
,

= −Q0

AC
(zF + zV )

5
3 . (22)

Integrating (22), we obtain
� zF

zF0

(zF + zV )−
5
3 d(zF + zV ) = − Q

AC

� t

0
dt (23)

−3
2

�
(zF + zV )−

2
3 − (zF0 + zV )−

2
3

�
= −Q0

AC
t, (24)

(zF + zV )−
2
3 =

2
3

Q0

AC
t + (zF0 + zV )−

2
3 . (25)

4 Coalescing axisymmetric turblent equal plumes
(Kaye and Linden, 2004)

We define dimensionless variables as followings,

λ =
z

ξ0
, φ =

ξ

ξ0
, γ =

b

ξ
, (26)

3

Integrating this equation, we obtain

Here zF0 is the height when we start measuring zF and we 
set that time t = 0

sea water
fresh water

front
Q(zF)

AC
∂

∂t
(zF + zV )



Filling tank experiment
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(salt water solution colored by a dye) from the top of the tank (z = 0). We set time t = 0
when zF (t) = zF0, where zF is the height of the colored salt water’s front which comes up
from the bottom. It is convenient to choose zF0 at the height where we can measure zF

accurately.
Considering the balance of the volume of the colored salt water at z = zF , time derivative

of (zF (t) + zV ) can be written as

∂

∂t
(zF (t) + zV ) = −Q(zF )

AC
,

= −Q0

AC
(zF + zV )

5
3 . (22)

Integrating (22), we obtain
� zF

zF0

(zF + zV )−
5
3 d(zF + zV ) = − Q

AC

� t

0
dt (23)

−3
2

�
(zF + zV )−

2
3 − (zF0 + zV )−

2
3

�
= −Q0

AC
t, (24)

(zF + zV )−
2
3 =

2
3

Q0

AC
t + (zF0 + zV )−

2
3 . (25)

4 Coalescing axisymmetric turblent equal plumes
(Kaye and Linden, 2004)

We define dimensionless variables as followings,

λ =
z

ξ0
, φ =

ξ

ξ0
, γ =

b

ξ
, (26)

3



!"#"$%&&$'(")"$*++%$"

!"#"$%&,,-(")"$*$.%."

$***"

$/**"

0***"

0/**"

.***"

./**"

&***"

&/**"

/***"

//**"

-***"

*" /**" $***" $/**" 0***" 0/**"

!"
#$
"%
&'
!(
)
*+
&,
-
.
.
.
.
/

012/!324&/

12#*"

12#$%*"

34567!"12"#"$%*8"9:;49"#"*%$0"

Filling tank experiment

16

α = 0.10
α = 0.11
α = 0.12
α = 0.13

(cm)

(cm)

(c
m

-2
/3
)

(cm)

Figure 1: Schematic illustration single plume experiment.

3 Analyzing the single plume experiment
(Bains and Turner, 1969)

We consider a tank of cross section AC filled with fresh water, and a axisymetric plume
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Two plume experiments
 without rotation
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Two plumes experiments
 without rotation

• Before performing rotating experiments, I carried 
out two plumes experiments without rotation to 
verify the theory and results of Kaye and Linden 
(2004).

18



Theory of Kaye and Linden
• Define variables as right 

figure.
• Consider two equal 

plumes with origin at the 
same height.
• The average buoyancy 

profile of a single 
turbulent plume can be 
taken as Gaussian, with 
a radius given by

19

b(z) =
1√
2
π−

1
2

Q

M
1
2

=
6
5
αz

z = 0

z 

x0 

b(z)



If plumes do not interact
• buoyancy profile function is given by

20

E(r) = exp
�
−

(r − 1
2x0)2

b2

�
+ exp

�
−

(r + 1
2x0)2

b2

�

Here, r is the radial distance from the center of the two plume axis
Coalescing axisymmetric turbulent plumes 45

Figure 2. Merging Gaussian functions for a unit source separation.

where E(r) is given by

E(r) =
�
exp

�
−

�
r − 1

2
χ0

�2�
b2

�
+ exp

�
−

�
r + 1

2
χ0

�2�
b2

��
, (2.5)

where r is the radial distance from the plume axis and g′ is the reduced gravity. The
model of Bjorn & Nielsen (1995) is similar, except that they were concerned with
the velocity profiles. Their model is identical to the present case for equal plumes,
though when ψ < 1 the ratio of the profile heights will differ. Here the buoyancy
rather than the velocity profile is used to judge whether plumes have merged, because
the buoyancy is the driving force, and once the driving force can be considered a
single entity, it is reasonable to assume that the flow will behave as a single entity.
For the case of equal turbulent plumes the choice between buoyancy and velocity
profiles will make no difference as they will both merge at the same height. However
for unequal plumes the ratio of the peak velocities will be ψ1/3, whereas the ratio of
the peak buoyancies will be ψ2/3.

This function (2.4) is plotted in figure 2 for 1< λ< 8 and χ0 = 1. Clearly the two
Gaussians coalesce when λ is large enough, but it is difficult to say where the plumes
can be said to have merged. We define the merging height to be the height at which
the centreline value first becomes a local maximum – in other words, the height at
which there are no longer two distinct peaks. This condition can be written as

d2E

dr2
= 0 at r = 0, (2.6)

and, for non-interacting plumes, is easily solved to give

χ0 =
√

2b or γm =
1√
2
. (2.7)

In terms of the non-dimensional height one obtains

λ = λub =
1√
2

5

6α
, (2.8)

as an upper bound on λm. For an entrainment constant α = 0.09, (2.8) gives λub =6.5.
We will discuss the choice of the numerical value of α in § 4.

Figure 2: Merging Gaussian functions for a unit sources separation. (Kaye and Linden,

2004)

where z is the height above the plume sources (vertial origins), ξ0 the separation of the

plume sources, ξ the separation of the plume axes at any given height, and b the plume

radius.

Consider the two equal plumes with origins at the same height. The average buoyancy

profile of a single turbulent plume can be taken as Gaussian, with a radius given by

b =
6

5
αz, (27)

where α is the entrainment constant. Assuming that the plumes do not interact, buoyancy

profile function is given by

g�
(r, z) ∼ f(z)E(r), (28)

E(r) = exp

�
−

(r − 1
2ξ0)

2

b2

�
+ exp

�
−

(r +
1
2ξ0)

2

b2

�
. (29)

Here r is the radial distance from the plume axis and g�
is the reduced gravity.

This function (28) is plotted in figure 2 for 1 < λ < 8 and x0 = 1. Clearly the two

Gaussians coalesce when λ is large enough. We define the merging height to be the height

at when the trough in the combined profile disappears, that is,

d2E

dr2
= 0 at r = 0. (30)

For non-interacting plumes (i.e. ξ(z) = x0), (30) is easily solved to give

ξ0 =

√
2bm. (31)

Here the subscript m denotes the value at the point where plunes merge. Dividing (31) by

ξ, we obtain

γm =
1√
2
, (32)

4

define merging height at when
d2E

dr2
= 0 at r = 0

g�(r, z) = G�(z)E(r)



• For non-interacting plumes, 

21

d2E

dr2
= 0 at r = 0

can be easily solved to give

bm =
1√
2
x0

where subscript m denotes the value at the 
merging height

• Using b=6αw/5, we obtain

zm =
1√
2

5
6α

x0

It is shown that this estimate is poor (Bjorn and Neilsen, 1995)



Plumes interact 
• Based on experimental results (Rouse, Yih and 

Humpherys, 1952) it is reasonable to take the 
velocity field outside the plumes created by 
entrainment as horizontal. 
• Along the line of the plumes, the velocity is given by

22

On the plume axis, the value of horizontal entrainment 
velocity due to that plume is zero. Therefore, the mean 
horizontal velocity u on the plume axis is

u = −bαw

x

For non-interacting plumes (i.e. x(z) = x0), (36) is easily solved to give

x0 =
√

2bm. (37)

Here the subscript m denotes the value at the point where plumes merge. Dividing (37) by
x, we obtain

γm =
1√
2
, (38)

so, in terms of the non-dimensional height we obtain

λ̂m =
1√
2

5
6α

. (39)

Here (̂·) denotes the upper bound on the value. As shown by Bjorn and Neilsen (1995) this
estimate of λm is poor. In order to model the drawing together of two equal plumes we
need to consider the entrainment of one plume by another.

Based on experimental results (e.g. Rouse, Yih, and Humpherys, 1952) it is reasonable
to take the velocity field outside the plumes, created by entrainment, as horizontal. The
mean entrainment velocity field, over a horizontal plane across the two plumes, may be
approximated by two sinks of strength −m(z) placed at (−1

2x, z) and (1
2x, z). The complex

velocity potential in this horizontal plane is given by

Ψ = −m

2π

�
ln

�
Z +

1
2
x

�
+ ln

�
Z − 1

2
x

��
, (40)

where Z is the complex variable reiθ. The velocity field is given by

U =
∂Ψ
∂Z

= −m

2π

�
1

Z + 1
2x

+
1

Z − 1
2x

�
. (41)

The sink strength of the plume is

m =
� 2π

0
bαwdθ. (42)

Along the line joining the sources of the plume (θ = 0) the velocity is given by

Uθ=0 = −bαw

�
1

r + 1
2x

+
1

r − 1
2x

�
. (43)

On the plume axis (r = −1
2x, 1

2x), the value of horizontal entrained velocity due to that
plume is zero, and only the term resulting from the other plume needs to be considered.
Therefore, (43) gives an expression for the mean horizontal velocity u on the plume axis

u = −bαw

x
. (44)



• Assuming that each plume is passively advected by 
the entrainment field of the other, 
• the rate of change of separation with height will be 

given by the vertical to horizontal velocities at the 
plume axis.
• As both plumes are deflected equally, the rate is 

23

dx

dz
= −2

1
w

bαw

x
Substituting b=6αw/5, and integrate from z=0 to 
z=zm

� xm

x0

dx = −12
5

α2

� zm

0
dz



• Now we use the relation between z and x 

24

which we derived for the non-interacting model.
(It is appropriate here because we assumed 
that plumes are passively advected only.)

Then we obtain

x2
0 =

12
5

α2z2
m + x2

m

xm =
6
√

2α

5
zm

zm

x0
=

1
α

�
25
132

≈ 0.44
α
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Figure 13. Buoyancy profiles for two equal plumes showing their Gaussian profiles prior to
merging, and the gradual coalescence. The profiles were measured using the dye attenuation
technique.

Figure 14. Plume merging height for equal plumes plotted against initial separation.

Figure 15. Plume merging height plotted as a function of the buoyancy flux ratio. The lines
plotted are the theoretical predictions for λub(α =0.09), λm(α = 0.09) and λm(α = 0.1) (top to
bottom).
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Results of Kaye and Linden (2004)

• The theory over estimated the laboratory results 
but was qualitatively correct. 25

experimental result
(zm=4.1x0)

note: α = 0.09

non-interaction model
(zm=6.6x0)

interaction model
(zm=4.8x0)



Two plumes experiment set up

• Tank cross section 60 x 60 cm2

• Water depth 45 cm
• Fresh water (1g/cm3) for 

ambient fluid
• Sea water (~1.25 g/cm3) for 

plume colored by dye
• Flow rate = 1.7 cm3/s ⇒ 

buoyancy flux = 41 cm4/s3

• Cooper plume nozzle to 
produce a turbulent plume 
source

26

fresh water

Cooper nozzle

sea water
pump

background light



Dye attenuation technique
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Dye attenuation technique
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light tank

video camera

Computer 
(Digiflow & MATLAB)

backgrounddye images

averaged image



Algorithm 
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Algorithm 
1. Smooth the image by box averaging every 7 pixels (if x0 > 6 cm, 13 

pixels) to remove noise.
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1. Smooth the image by box averaging every 7 pixels (if x0 > 6 cm, 13 

pixels) to remove noise.
2. Find a large slope (dc/dx > δ; c: concentration) starting from the left.
3. From this point, find the location where the slope is negative (dc/dx < 0), 

and define this point as x1.
4. Find a large slope (dc/dx < -δ) starting from the right.
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Algorithm 
1. Smooth the image by box averaging every 7 pixels (if x0 > 6 cm, 13 

pixels) to remove noise.
2. Find a large slope (dc/dx > δ; c: concentration) starting from the left.
3. From this point, find the location where the slope is negative (dc/dx < 0), 

and define this point as x1.
4. Find a large slope (dc/dx < -δ) starting from the right.
5. From this point, find the location where the slope is positive (dc/dx > 0), 

and define this point as x2.
6. x1 > x2 means plumes are merged, x1 < x2 means plumes are not 

merged.
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Results of two plumes 
experiments without rotation
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Our results

non-interaction model
(zm=4.9x0)

interaction model
(zm=3.7x0)

linear fits (zm=3.9x0)

note: zV = 1 (cm), α = 0.12
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Summary of non-rotating experiments

• I carried out the coalescing two plumes 
experiment for α = 0.12.

• I measured the merging height using the 
algorithm.

• My experimental results agree with the 
theoretical prediction.

• This is highly dependent on the value of α.

30



Two plumes experiments 
with rotation

31



Effect of rotation

32

• In a rotating frame there is the Coriolis effect
• A vortex will be generated by the Coriolis force 

induced by the entrained flow.
view from top

entrained flow

plume

Coriolis force

generated vortex

• The flow field tends to be barotoropic, because of the 
absence of stratification.



Single plume with rotation f = 0.25 s-1
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(f = 2Ω)



Single plume with rotation f = 0.25 s-1
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(f = 2Ω)
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Single plume with rotation f = 1.0 s-1
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Single plume with rotation f = 1.0 s-1



experimental set up

• rotation : f = 0.05, 0.1, 0.25, 0.5, 0.75, 1.0 (s-1)
(f = 2Ω)
• separation : x0 = 3, 5, 8, 10 cm
• the other settings are the same as the non-rotating 

experiments.
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Two plumes experiment with rotation 
f = 0.25 s-1, x0 = 5 cm
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Two plumes experiment with rotation 
f = 0.25 s-1, x0 = 5 cm
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Two plumes experiment with rotation 
f = 0.25 s-1, x0 = 5 cm
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Two plumes experiment with rotation 
f = 0.25 s-1, x0 = 5 cm
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t = 0.4Tf 0.6Tf 0.8Tf 1.0Tf 1.2Tf

Two plumes experiment with rotation 
f = 0.25 s-1, x0 = 5 cm

(Tf = 2π/f : inertial period)
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Two plumes experiment with rotation 
f = 1.0 s-1, x0 = 5 cm
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Two plumes experiment with rotation 
f = 1.0 s-1, x0 = 5 cm
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Two plumes experiment with rotation 
f = 1.0 s-1, x0 = 5 cm
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Two plumes experiment with rotation 
f = 1.0 s-1, x0 = 5 cm



41

t = 0.4Tf 0.6Tf 0.8Tf 1.0Tf 1.2Tf

Two plumes experiment with rotation 
f = 1.0 s-1, x0 = 5 cm



Results of vortices
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What can we see from the movies?

• Effect of rotation becomes important for t ~ Tf, 
where Tf = 2π/f is the inertial period.

• After that, the plumes are not steady, so it is hard to 
define the merging height.

• When f is small, one vortex is generated at the 
center of the two plumes.

• When f is large, two vortices are generated one 
from each plume, and the vortices shed from the 
sources.
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Study of development of point 
plume in rotating frame

• Fernando, Chen, and Ayotte (1998; FCA) carried 
out a laboratory study on the development of a 
single turbulent plume in a rotating frame.
• Their results show that the effect of rotation 

becomes important for

44

 t ~ 2.4/Ω ~ 0.75Tf

http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Fernando%2C+H.+J.+S.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Fernando%2C+H.+J.+S.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Chen%2C+R-r.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Chen%2C+R-r.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Ayotte%2C+B.+A.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Ayotte%2C+B.+A.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true


Study of development of point 
plume in rotating frame

• Fernando, Chen, and Ayotte (1998; FCA) carried 
out a laboratory study on the development of a 
single turbulent plume in a rotating frame.
• Their results show that the effect of rotation 

becomes important for

44

 t ~ 2.4/Ω ~ 0.75Tf

How about our results?

http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Fernando%2C+H.+J.+S.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Fernando%2C+H.+J.+S.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Chen%2C+R-r.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
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Merging height at 0.75Tf < t < Tf
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Merging height at 0.75Tf < t < Tf
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A vortex generated by merged plume
• It can be considered that the single vortex observed 

at the center of the two plums was generated after 
the two plumes merged by the resulting single 
plume.
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A vortex generated by merged plume
• It can be considered that the single vortex observed 
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plume.
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Vortices generated by 
individual plumes

• It can be considered that the two vortices observed 
below each sources were generated before the 
plumes merged by each individual plume.
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Vortices generated by 
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• It can be considered that the two vortices observed 
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How does the plume descend?
• The vertical velocity w of the plume is predicted to be 

(Baines and Turner, 1969)
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How does the plumeʼs front descend?
• Fernando, Chen, and Ayotte (1998) also showed that 

the front of an axisymmetric turbulent plume descends 
as

50

u��1� Bz � 1/3, �1�

b�z ���2z , l��3z , �2�

where �1 ,�2 ,. . . are constants and the specific buoyancy flux
B is assumed to be the sole governing parameter representing

the source. Since verifications of Eqs. �1� and �2� have been
reported on numerous occasions,19 pertinent measurements

were not attempted in the present study. However, plume

descent rates were measured for different plume diameters

d0 and the results were used to delineate conditions under

which the point-plume approximation is valid.

On the premise of �1� and �2�, turbulent quantities within
a plume generated by a source of finite diameter d0 can be

written as

u�� B
z
� 1/3f 1� d0z � , �3�

b�z f 2� d0z � , l�z f 3� d0z � , �4�

where f 1 , f 2 ,. . . are functions, with f 1 , f 2 , and f 3 assuming

constant values �1 , �2 , and �3 as d0→0. In addition, for a
point plume, the location h of the first plume front below the

source and the maximum plume width bm at a time t after

the initiation can be written as

h��4�Bt
3�1/4, �5�

bm��5�Bt
3�1/4, �6�

using the corresponding expressions for a finite-diameter

plume which can also be written in the spirit of �3� and �4�.
For example, the position of the first plume front becomes

h��Bt3�1/4f 4� d0

�Bt3�1/4� , �7�

which, in the point-plume limit d0 /(Bt
3)1/4→0 �i.e., at small

d0 or large t� yields f 3→�4 . On the other hand, in the
asymptotic limit d0 /(Bt

3)1/4→� , it is possible to expect f 4
→(Bt3)1/4/d0 corresponding to the case of convection from
horizontally homogeneous sources �Fernando et al.35�. Thus,
the descent of the plume from a finite-diameter source is

expected to follow asymptotic forms of t3/2 at small times

and t3/4 at large times. The transition between two regimes

can be used to obtain an idea of the onset of plume diameter

effects for the flow evolution. Figure 9 shows a plot of

h/(Bt3)1/4 vs d0 /(Bt
3)1/4, for several experiments carried

out with different source diameters. Note that, in an average

sense, the point plume scaling �5� is approached when

d0 /(Bt
3)1/4�0.14, whence h/(Bt3)1/4��4�1.7. Thus, the

evolution of a finite-sized plume becomes asymptotically

similar to that of a point plume when h�12d0 . At lesser
depths, the finite diameter effects can be important. Also, it

is noted that experimental results at large d0 /(Bt
3)1/4 limit

do not converge to the horizontally homogeneous case, pos-

sibly because of the continued dominance of entrainment

flow in the d0 /(Bt
3)1/4 range investigated.

C. Descent of a point plume in the presence of rotation

As described in Sec. II, the maximum plume width bm
and the depth h of the plume front were measured using the

video records taken during the experiments performed in the

square tank and by analyzing them frame by frame. Concen-

tration contours of the plume fluid were constructed using

the laser-induced fluorescence technique and the contour line

representing 5% of the maximum concentration �evaluated at
each horizontal imaging level� was used to evaluate the
plume envelope and hence h and bm . The results were ar-

ranged concurrent with �5� and �6�, in the nondimensional
form,

h

� B�3� 1/4��4��t �3/4, �8�

and

bm

� B�3� 1/4��5��t �3/4. �9�

The experimental results are shown in Figs. 10 and 11.

In Fig. 10, the solid line drawn through the data �in
log–log form� indicates the 3/4 slope predicted by �8�. Close

FIG. 9. A plot of the normalized position of the first plume front vs nor-

malized source diameter drawn to check the validity of �7�. The horizontal
line represents the point plume case. The experimental parameters are � and

�—d0�0.6 cm; � and �—d0�1.27 cm; � and �—d0�2.54 cm.

FIG. 10. A plot of the nondimensional plume descent vs nondimensional

time. The estimated time at which deviation from the t3/4 law occurs is

indicated. � �p�1.058 g cm
�3, ��0.5 rad s�1; � �p�1.058, ��0.7; �

�p�1.058, ��0.33; � �p�1.014, ��0.4; � �p�1.016, ��0.5; � �p
�1.016, ��0.7.
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Depth where plumes feel rotation
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• It is expected that 

zm > zf

zm < zf SINGLE VORTEX
TWO VORTICES

(zm : merging height)
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Summary
• Filling tank experiment (Baines & Turner, 1969), two plumes 

experiments without rotation (Kaye & Linden, 2004), and 
two plumes experiments with rotation were done.
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Summary
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experiments without rotation (Kaye & Linden, 2004), and 
two plumes experiments with rotation were done.

• Our non-rotating experimentsʼ results agree with the theory 
of Kaye & Linden (2004).
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Summary
• Filling tank experiment (Baines & Turner, 1969), two plumes 

experiments without rotation (Kaye & Linden, 2004), and 
two plumes experiments with rotation were done.

• Our non-rotating experimentsʼ results agree with the theory 
of Kaye & Linden (2004).

• For the rotating experiments, we showed that the effect of 
rotation becomes important for t > 0.75Tf (in agreement with 
Fernando, Chen, and Ayotte, 1998) and that the non-
rotating “merging” theory still applies for t < 0.75Tf.

54

http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Fernando%2C+H.+J.+S.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Fernando%2C+H.+J.+S.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Chen%2C+R-r.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Chen%2C+R-r.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Ayotte%2C+B.+A.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Ayotte%2C+B.+A.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true


Summary
• Filling tank experiment (Baines & Turner, 1969), two plumes 

experiments without rotation (Kaye & Linden, 2004), and 
two plumes experiments with rotation were done.

• Our non-rotating experimentsʼ results agree with the theory 
of Kaye & Linden (2004).

• For the rotating experiments, we showed that the effect of 
rotation becomes important for t > 0.75Tf (in agreement with 
Fernando, Chen, and Ayotte, 1998) and that the non-
rotating “merging” theory still applies for t < 0.75Tf.

• For zf > zm one vortex is generated at the center of the two 
plumes, while for zf < zm two vortices are generated, one 
from each plume, and shed from the sources.
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Northwest Eifuku volcano
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Cooper nozzle
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54 N. B. Kaye and P. F. Linden

Figure 10. Schematic diagram of the Cooper plume nozzle used to produce a turbulent
plume source.

4. Experiments
Sections 2 and 3 describe theoretical predictions for the merging height of co-

flowing turbulent plumes, and the behaviour of the resulting plume in the far field.
Experiments have been performed to test the validity of these models. The experiments
were carried out using salt plumes in water. The density of the salt solution and the
flow rate determined the buoyancy flux. These were chosen such that the plumes were
close to ideal, i.e. with small initial volume and momentum fluxes. Corrections for the
non-ideal nature of the sources were made by calculating the virtual origin zv using
the method described in Hunt & Kaye (2001). These corrections were typically of the
order of 1 cm, which is considerably less that the typical coalescence heights measured
of 10–30 cm. For the case of unequal plumes, the average of the two virtual origin
corrections was used. The difference between the origin corrections for each separate
plume was typically less than 0.5 cm, or 10% of the plume separation, making the
use of the average correction a reasonable approximation.

Typical flow rates used in the experiments were between 0.5 and 2.5 cm3 s−1. The
source buoyancy was varied between 30 and 150 cm s−2. The equal plume experiments
were run using the dye attenuation technique in a glass tank approximately 60 cm
square with a depth of 180 cm. The unequal plume experiments were run using a
light-induced fluorescence (LIF) technique in a 64 cm square Perspex tank that was
filled to a depth of 15–35 cm. In order to maintain a turbulent plume from the source,
a special nozzle was constructed.† Figure 10 shows a schematic of the nozzle used.
The nozzle allowed the creation of a turbulent outlet that would normally be laminar
at the flow rates used. Figure 7 of Hunt & Linden (2001) shows the outflow from this
nozzle compared to a standard cylindrical tube. The use of the Cooper nozzle meant
that the plumes rapidly developed into their self-similar form. This can be more

† The initial nozzle was designed by Dr Paul Cooper, Department of Mechanical Engineering,
University of Wollongong, NSW, Australia.



Merging height before Tf
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61When t < Tf merging height is similar to non-rotating case

!"

#"

$!"

$#"

%!"

%#"

&!"

&#"

'!"

!" !(%" !('" !()" !(*" $" $(%"

!
"
#

$%&'#

'#(#)*)+#

!"

#"

$!"

$#"

%!"

%#"

&!"

&#"

'!"

!" !(%" !('" !()" !(*" $" $(%"

!
"
#

$%&'#

'#(#)*+,#f = 0.05 f = 0.25

x0 = 10 cm

x0 = 8 cm

x0 = 5 cm

x0 = 3 cm

Theory (no rotation)

f = 0.1
scatter range



by eyes vs. by algorithm
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Zm Dependence on the length of 
averaging box
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Zm Dependence on delta
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if alpha = 0.11, zv = 1.2 cm
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if alpha = 0.1, zv = 2 cm
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time vs depth
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Length scale of vortex vs. depth
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zm(x0=3)
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αw/f (cm)

z (
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)

length scale of vortex

x0 > αw/f  → not merge
x0 < αw/f  → merge


