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Abstract.

Characteristics of the decaying non-divergent two dimensional turbu-
lence on a rotating sphere is considered. The spontaneous appearance of
circumpolar easterly vortices reported in the previous study (Yoden and Ya-
mada, 1993) is interpreted by the Rossby wave property from the framework
of weak-nonlinear theory. The resolution of the numerical model utilized
by Yoden and Yamada (1993) is T85 which is the resolution not enough to
represent the upward energy cascade of two dimensional turbulence. The
initial energy spectral peak adapted there is located almost in the range of
wave regime especially when the rotation rate is large, which justifies the
explanation of angular momentum redistribution by Rossby waves. A series
of new experiments with the higher resolution T341 and new sets of initial
energy spectral distributions are performed to confirm that the circumpolar
vortices appear even after the full nonlinear upward cascade of turbulent
energy and that the band structure of angular momentum emerges even
when the rotation rate of the system is large.
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1. Introduction

It has been recognized that a two dimensional turbulent flow on a rotating
sphere tends to have a zonally band structure, i.e., bands of mean zonal
flow with alternating flow direction. The pioneering work of this issue is
Williams (1978), where a time evolution of a randomly forced two dimen-
sional nondivergent fluid was numerically investigated to show that a zon-
ally band structure emerges when the rotation rate and the radius of the
sphere were adapted from those of Jupiter’s. However, the computational
domain utilized by Williams (1978) was only 1/16 of the entire sphere. The
longitudinal periodicity and equatorial symmetry were assumed.

A full spherical computation of two dimensional turbulence on a sphere
was rather recently carried out by Yoden and Yamada (1993, hereafter re-
ferred to as YY93). They investigated decaying, in stead of forced, two
dimensional nondivergent turbulent flow on a rotating sphere with the res-
olution of T85 (the triangular spectral truncation of spherical harmonics at
the total wavenumber 85, that is, 256 (longitude)× 128 (latitude) grids).
YY93 found that an easterly circumpolar vortex tends to emerge sponta-
neously in a decaying turbulent flow on a rotating sphere especially when
the rotation rate is high.

A full spherical version of the forced turbulence was investigated quite
recently by Nozawa and Yoden (1997a, b) in the same way as Williams
(1978) but with the resolution T199 (600 × 300 grids). They reconfirmed
the spontaneous formation of the band structure of the zonal flow. More-
over, they found that, similarly to the decaying turbulence cases, an easterly
circumpolar vortex tends to appear. The property of the forced nondiver-
gent turbulent flow on a rotating sphere may be understood through the
property of the decaying turbulent flow.

However, there remains a concern about the results of YY93. As will
be described below, the flows obtained by YY93 are not very turbulent
especially when the rotation rate of the system is large. The initial condition
used in YY93 contains, when the rotation rate is large, a large part of energy
in the large scales where the linear rotation term dominates the nonlinear
inertial term. On the other hand, YY93 shows that the circumpolar easterly
flow appears clearer as the increase of the rotation rate. The results might
be altered when the resolution of the model is increased to to represent the
full nonlinear upward energy cascade of two dimensional turbulence.

In the followings, we will describe the formation of circumpolar easterly
vortex in YY93 from the framework of weak nonlinear Rossby wave prop-
erty on a sphere. We will then demonstrate some of the results of further
numerical experiments with a high-resolution model (T341 = 1024 × 512)
to see the pattern formation due to the real inverse cascade from small
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scales given by some appropriate initial conditions. We will confirm the
tendency of the formation of circumpolar easterly vortex even when the
rotation rate is high, in addition to the spontaneous formation of the band
structure of zonal flow.

2. Nondivergent Two Dimensional Flow on a Sphere

Freely-evolving two dimensional nondivergent flow on a rotating sphere is
governed by the following vorticity equation:

∂ζ

∂t
+ J(ψ, ζ) + 2Ω

∂ψ

∂λ
= (−1)p+1ν2p (∆ + 2)p ζ, (1)

where ψ(λ, µ, t) is a streamfunction field, ζ(λ, µ, t) vertical component of
vorticity (≡ ∆ψ), λ longitude, µ = sinφ sine latitude, t time, J(A,B)
horizontal Jacobian, ∆ horizontal Laplacian. On the right hand side, hyper-
viscosity of the order of p is placed with a viscosity coefficient ν2p for the use
of numerical calculation presented later. Note that the physical quantities
are nondimensionalized by the radius of the sphere a as the length scale,
the rotation rate of the system Ω∗ as the time scale, and the energy velocity
scale U as the advection velocity scale. By this scaling, we have to consider
only the motion with unit initial total energy on the rotating sphere with
the unit radius and the nondimensionalized rotation rate Ω ≡ UΩ∗/a, or,
the reciprocal of Rossby number.

The important quantity which characterizes two dimensional nondiver-
gent flow on a rotating sphere is the transition wavenumber that is defined
as a local wavenumber at which the magnitude of the nonlinear term is
comparable to that of the linear planetary vorticity advection term (so
called β term) (Rhines 1975, Vallis and Maltrud, 1993, Rhines 1994). For
the system given by (1), the transition wavenumber may be written as
kβ =

√
2Ω cos φ,where φ is the latitude. The interpretation of the tran-

sition wavenumber is that turbulence dominates when the characteristic
wavenumber of the flow is larger than the transition wavenumber, while
Rossby waves dominate when it is smaller. On a rotating sphere, the tran-
sition wavenumber vanishes at the pole, while it is maximum at the equator,
since the β effect, i.e., the linear planetary vorticity advection, is most ef-
fective at the equator. This implies that, for a disturbance with a given
characteristic scale, flow becomes turbulent more easily in the polar region
than in the lower latitudes. Provided that the characteristic wavenumber
of the flow is ñ, there appears a Rossby wave dominant region around the
equator between the latitudes φt = ± cos−1(ñ2/2Ω) when the rotation late
is sufficiently large.

In the numerical experiments of YY93, the value of Ω ranges from 0 to
400. The corresponding transition wavenumber ranges from 0 to 28 at the
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Figure 1. Five initial energy spectra. The spectral form used by YY93 is denoted by
yy1993. All the other spectral forms are given by eq.(2). Five vertical dash-lines indicate

the global mean transition wavenumber nβ ≡
√

< kβ > /2
√

2 =
√

πΩ/(4
√

2) defined by
Nozawa and Yoden (1997a), where < > denotes global mean and the numerical factor

2
√

2 is retained following their definition.

equator. Since the initial energy spectrum of YY93 is given by E(n, t=0) =
An5/e−n/2, where n is the total wavenumber, the energy spectral peak is
located at n = 10 (Fig.1), and the enstrophy spectral peak is located at n =
12. Thus for Ω > 50 ∼ 100, there appears a latitudinal regions where Rossby
waves dominate in the lower latitudes. For the rapid rotation case Ω = 400,
the transition latitude from wavy to turbulent regime becomes φt = ±83◦,
provided that ñ = 10. In this sense, the numerical flows presented by YY93
are actually not very turbulent especially when the rotation rate is large.

3. Weak Nonlinear Theory

The formation of the easterly circumpolar vortex found by YY93 may be
considered as the result of turbulent mixing of the potential vorticity in
the polar region where the flow regime is regarded as turbulent. On a ro-
tating sphere, mixing of the higher potential vorticity around the pole and
the lower potential vorticity of the lower latitudes causes easterly flow in
the polar region, provided that there is no net positive angular momen-
tum supply from the outside of the polar mixed region. When the rotation
rate is high and the outside of the polar mixed region can be regarded as
in the Rossby wave regime, it can be demonstrated that the net angular
momentum supply from the outside of the polar mixed region is negative
(easterly). As is expected from the knowledge that the pseudo angular mo-
mentum associated with Rossby wave is negative, the issue is to find out
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whether the polar mixed region absorbs Rossby waves from the wavy re-
gion to gain easterly momentum or radiates Rossby waves toward the wavy
region to gain westerly momentum.

Let us consider the weak nonlinear version of the basic system (1) to
investigate the wave mean-flow interaction of Rossby waves on a sphere.
The amplitude expansion around a zonal mean basic state u(φ) gives the
first order linearized equation as

∂ζ ′

∂t
+

u

cosφ

∂ζ ′

∂λ
+

β̂

cosφ

∂ψ′

∂λ
= f ′, (2)

β̂ ≡ 2Ω cos φ− ∂

∂φ

[

1

cosφ

∂

∂φ
cosφu

]

,

where f ′ is the viscous dissipation term, ′ and ¯ denote the first order and
the zonal mean, respectively. The second order conservation law of the first
order quantity can be derived immediately from (2):

∂

∂t
A + ∇ · F =

cosφ

β̂
ζ ′f ′ (3)

A ≡ ζ ′2

2

cosφ

β̂

F ≡ +

(

uA +
1

2
cosφ(v′2 − u′2), cos φu′v′

)

,

where u′ and v′ is the first order velocity component, and ∇· is spherical di-
vergence operator. The angular momentum conservation law is more useful
as the second order zonal mean equation:

∂

∂t
(u(2) cosφ) − v′ζ ′ cosφ = f (2), (4)

where f (2) is the viscous dissipation term. Combined with the zonal mean
of (3) with the relation ∇ · F = cosφv′ζ ′, (4) yields

∂

∂t

[

u(2) cosφ+ A
]

= cosφf (2) +
cosφ

β̂
ζ ′f ′. (5)

The important character of the Rossby waves propagating on a sphere
is that the second order conserved quantity associated with a wave packet
is A as shown in (3), and the related mean quantity is easterly angular
momentum as shown in(5). When the rotation late is range and the effect
of u can be neglected, WKBJ theory of Rossby wave propagation on a
sphere (Hoskins and Karoly, 1981; Hayashi and Matsuno 1984) shows that
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Figure 2. The comparison between the nonlinear (upper left) and weak nonlinear (upper
right) evolutions of the angular momentum starting from the same initial value for the

case of Ω = 400. Also shown are A (lower left) and β̂ (lower right) of the nonlinear
calculation. The numerical model utilized is the same as YY93 (T85) and hence, these
figures except for the upper right represent one of the realizations in YY93 Ω = 400
cases.

a Rossby wave packet propagates along a great circle seeing from the frame
of rotation with the speed of eastward phase velocity of the wave packet.
Let us assume a wave packet whose pitch angle at the equator is sufficiently
large so that it can propagate into the higher latitudes where β is small.
The propagation of Rossby wave packet induces the second order easterly

flow u(2), whose magnitude is enhanced in the higher latitude because of
the factor cosφ, since the angular momentum associated with the wave
packet is conserved during its propagation. If we allow the wave mean-
flow interaction, we can expect that the large easterly fluctuation of zonal
mean flow in the higher latitudes enhances the critical latitude absorption
there, which contributes the easterly angular momentum accumulation in
the higher latitudes.

In order to confirm the weak nonlinear scenario mentioned above, we
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have carried out a numerical comparison between the nonlinear and weak
nonlinear evolutions starting from one of the same initial values with the
same T85 model utilized by YY93. The weak nonlinear system is composed

of eqs. (2) and (4) but with u(2) replaced by u in (4); u is now a function of
t and φ. Fig.2 shows a typical example of the comparative result where the
accumulation of the easterly angular momentum in the polar region occurs
very similarly. Once the easterly acceleration starts in the polar region, it
continues steadily. The growth of easterly seems to be a little faster for the
weak nonlinear evolution.

In the experiments of YY93, the spatial distribution of the amplitude
of initial disturbance is statistically uniform on the sphere. When the ro-
tation rate is large, since β̂ ∼ β = 2Ωcosφ, we have A ∼ ζ ′2/4Ω (Fig.2
lower panels). This means that the initial distribution of A is also statis-
tically uniform on the sphere, which can be observed in Fig.2(lower left).
Singularity appears only in the higher latitudes corresponding to the regime
transition from the Rossby wave of the lower latitudes to the turbulent, or,
the occurrence of critical latitude absorption and strong wave-mean flow
interaction from the weak nonlinear sense. As time goes on, the amount of
A gradually decreases except for the singular polar region and correspond-
ingly the westerly angular momentum increases slightly and uniformly in
the mid and lower latitudes.

According to our comparative calculations, the weak nonlinear versions
resemble the full nonlinear results of YY93 for the cases of Ω = 400 quite
well, and Ω = 200 fairly well. However, the cases with Ω = 100, the evolu-
tion of mean flow is occasionally different in the mid and low latitudes. For
the cases of smaller values of Ω = 100, there are almost no resemblance.
Remember that the appearance of circumpolar vortex is not very clear in
the nonlinear calculation either.

4. Results with the Higher Resolution T341

As shown in the previous section, the experiments of YY93 are not very
turbulent; the appearance of the circumpolar vortex in YY93 cannot be
regarded as a result of full nonlinear upward energy cascade of two dimen-
sional turbulence. And also, as is evident from Fig.2 there are not clear
spontaneous evolution of the band structure of zonal mean flow When the
rotation rate is large (Ω = 400), a strong development of zonal mean flow
occurs only in the polar region. In the mid and low latitudes, the initial
zonal mean flow does not change greatly, although latitudinally uniform
westerly mean flow acceleration occurs.

Now, we will present some of the results obtained by the higher res-
olution model (T341 = 1024 × 512). The experiments are performed to
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Figure 3. Vorticity fields at t = 5 of the cpn050 experiment for Ω = 0 (left), Ω = 50
(center), and Ω = 400 (right) with the T341 model. Orthographic projection from λ = 0◦,
φ = 0◦ is used and lines of meridians and parallels are drawn for every 30◦. Solid line on
the right side of each panel shows the zonal mean zonal angular momentum as a function
of sine latitude.

confirm the emergence of the circumpolar vortex and to observe the forma-
tion of band structure even from the initial spectral profile which does not
contain spectral energy in the Rossby wave regime.

The new initial energy spectrum is given by E(n, t=0) = Anγ/2/(n +
n0)

γ . Following the normalization utilized by YY93, A is given by the con-
dition

∑N
n=2E(n, t=0) = 1 (the total kinetic energy is unity). The initial

complex amplitudes of the spherical harmonics expansion of the stream
function are determined so that they have random amplitude and phase
under the above restriction. In Fig.1, four sets of the energy spectra uti-
lized in our experiments are presented. The values of (n0, γ) are (10,1000)
for cpn010, (50,1000) for cpn050 (the standard set), (100,1000) for cpn100,
and (50,100) for cpg100.

Ten initial conditions are made with different random numbers for each
experimental set. The hyper-viscosity is set with p = 8 and ν2p = 1×10−38.
Time evolutions are computed until t = 5 by the fourth-order Runge-Kutta
method with the time increment of ∆t = 1 × 10−3.

Fig.3 is an example of the vorticity fields at t = 5 evolved from the same
initial condition of the spectral type cpn050 but with the different value
of Ω. In the non-rotational case (left), a number of coherent vortices ap-
pear and then their population decreases gradually through mergers. The
amount of zonal mean angular momentum plotted in the right hand side of
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Figure 4. Dashed lines represent the zonal mean angular momentum distributions of the
10 initial conditions of cpn050 (left) and their final profiles at t = 5 (right) for Ω = 400
with the T341 model. Thick lines represent the ensemble average of those dashed lines.

the panel may seem to be very large, but the profile changes as the coherent
vortices move. In the high-rotation case Ω = 400(right), the vorticity field
shows zonally elongated structures. The profile of the zonal mean angular
momentum shows the emergence of easterly circumpolar vortex, particu-
larly in the southern hemisphere for this run. In addition to that, the zonal
band structure appear in the mid and low latitudes. As will described be-
low, the zonal band structure of Ω = 400 obtained by this T341 experiment
is not just a remainder of the initial zonal profiles as that of T85 experiment
of YY93.

Fig.4 shows the statistical feature of the latitudinal distributions of zonal
mean angular momentum. 10 initial conditions of cpn050 and those at t = 5
(right) for Ω = 400 are plotted. It is clearly observed that the circum polar
easterly vortex appears statistically through the nonlinear energy upward
cascade from the initial spectral peak located at wavenumber 50. The latitu-
dinal distribution of the zonal mean angular momentum of each realization
is different to each other. However, there seems to be a typical latitudinal
wavenumber of zonal mean flow roughly proportional to nβ (Fig.6). The
characteristics observed in YY93 and considered by the weak nonlinear
theory still appear even with this turbulent initial condition; Strong east-
erly appears in the high latitudes while weak westerly appears in the mid
and low latitudes. This tendency can be more clearly observed in the en-
semble average profile, where the rapid latitudinal variation of the angular
momentum profile of each realization is smoothed out.

Fig.5 shows the dependence of the zonal mean zonal angular momentum
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Figure 5. Dependence of zonal mean angular momentum on the rotation rate Ω for the
five sets of the different initial spectral profiles. Ensemble average of 2×10 runs under
the assumption of equatorial symmetry.

at t = 5 on Ω for the five experimental sets with the different initial spectral
profiles. The formation of the easterly circumpolar vortex for large Ω is
a robust result independent of the choice of the initial energy spectrum.
As Ω increases, the intensity of the easterly vortex becomes large and its
maximum position shifts toward the higher latitudes. Note that the easterly
vortex for Ω = 400 is stronger for the larger value of n0 from the set cpn010
to cpn100. As a result of the ensemble average, westerly flow appears in
the lower latitudes for large Ω cases. However, as mentioned previously
each realization shows a zonal band structure in mid and low latitudes.
The ensemble average masks the band structure because the latitudinal
position of the jets dependent rather randomly on each realization.

Fig.6 shows the time evolution of the zonal mean angular momentum
for various values of Ω starting from the same initial value of the energy
spectral form cpn050. The band structure of the zonal angular momentum
can be clearly observed as the increase of Ω. The development of the band
structure occurs rather early stage of the time evolution. At the beginning
of the integration, the zonal angular momentum profile has a rather high
characteristic latitudinal wavenumber, since the initial spectral peak is lo-



2-D TURBULENCE ON A ROTATING SPHERE 11

Figure 6. The time evolutions of zonal mean angular momentum from the same initial
condition of cpn050 but for the different values of Ω.

cated at n = 50. The characteristic wavenumber evolves rapidly toward the
lower wavenumber. Around t ∼ 0.5, the band structure comes to a steady
or very slowly evolving state. As reported by Nozawa and Yoden (1997a)
for the forced two dimensional turbulence on a sphere, the characteristic
wavenumber of the zonal band profile seems to be roughly proportional to
nβ.

Fig.7 shows the time evolution of the zonal mean angular momentum
for the case of Ω = 400 starting from the three different initial energy
spectral profiles cpn010, cpn050, and cpn100. Note that the time scale is
different from Fig.6; log time scale is adopted. As is discussed in the previous
section, when the initial spectral peak is located in the spectral range of
Rossby wave regime (n0 < kβ(φ = 0)), the zonal band structure is almost
completely determined by the initial zonal band profile (cpn010, Fig.7 left).
However, when the initial energy profile has the spectral peak located in the
turbulent regime (n0 � kβ(φ = 0)), a spontaneous evolution of the zonal
band structure occurs (cpn050 and cpn100, Fig.7 center and right). Fig.7
indicates clearly that the band structure establishes as the spontaneous
evolution of the nonlinear upward cascade of energy.
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Figure 7. The time evolution of zonal mean angular momentum for Ω = 400 starting
from cpn010 (left), cpn050 (center), and cpn100 (right). Note that the time scale is plotted
by the log scale.

The rapid change of the energy spectrum also occurs at rather early
stage of the time evolution (not shown). This should be directly related to
the establishment of the band structure at around t ∼ 0.5. The distribution
of the energy spectrum is characterized by the appearance of anisotropy.
The two dimensional energy spectrum at t = 5 is shown in Fig.8. The
energy density of small m is dominant in the range of n < kβ(φ = 0) while
the energy is very small in an airfoil-shaped region at the lower edge in the
wavenumber space (m,n) as found in the forced turbulence experiments
Nozawa and Yoden (1997a,b). The existence of such a small energy region is
qualitatively explained by the analogy of a dumbbell region obtained in the
β-plane experiment by Vallis and Multrad (1993). Anisotropic distribution
of the energy is also found in the high total-wavenumber region n > kβ ;
energy is confined in the region of small zonal wavenumber m.

5. Concluding remarks

The spontaneous appearance of circumpolar easterly vortices reported by
YY93 was interpreted by the Rossby wave property from the framework
of weak-nonlinear theory. The initial energy spectral peak adapted there is
located almost in the range of wave regime especially when the rotation rate
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Figure 8. Two dimensional energy spectrum at t = 5 of the cpn050 experiment for
Ω = 0 (left), Ω = 50 (center), and Ω = 400 (right) with the T341 model. The air foil
region determined by Nozawa and Yoden (1997b) is denoted by thick line.

is large, which justifies the explanation of angular momentum redistribution
by Rossby waves. A series of new experiments with the higher resolution
T341 and new sets of initial energy spectral distributions are performed to
give the following results:

1. The circumpolar easterly vortices appear in high latitudes and the
zonal band structures of alternating mean zonal jets appear in mid and
low latitudes even after the full nonlinear upward cascade of turbulent
energy for high-rotation cases.

2. The formation of the easterly circumpolar vortex is a robust feature
of the two dimensional decaying turbulence on a rotating sphere and
insensitive to the choice of the initial energy spectrum.

3. The zonal band structures are discernible from an early stage of the
time evolution, and once established their latitudinal positions are
hardly changed with time. The number of the jets increases while the
width of them decreases as the rotation rate increases.

4. Two dimensional energy spectrum shows anisotropy due to the rotation
effect of the sphere. An airfoil shape with very small energy density
appears in low total-wavenumber region. Anisotropic distribution of
the energy is also found in the high total-wavenumber region.
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* * *

The GFD-DENNOU Library (SGKS Group 1995) was used for drawing
the figures. Numerical calculation was done on VPP500/15 at the Data
Processing Center, Kyoto University. This work was supported in part by
the Grant-in-Aid for Scientific Research of the Ministry of Education, Sci-
ence, Sports and Culture of Japan and by the Grant-in-Aid for the Research
for the Future Program “Computational Science and Engineering” of the
Japan Society for the Promotion of Science.
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